3D Modeling
Abstract:
Accurate machine vision opens up a new realm of computer applications.  These applications may include mundane tasks like perception and mobile robot navigation to expert systems like complex manufacturing tasks, analysis of satellite images and medical image processing.

Transforming raw camera images into useful information about the world is, however, a complex and challenging task in the field of Computer Image Processing.  This is so because the images are two-dimensional and the world is three-dimensional.

In this paper we have tried to explain a method to derive 3D co-ordinates from measurements and constituents (geons) of 2D images.

Given a single 2D image it is possible to construct any number of 3D worlds that would give rise to the image.  As a result 2D images are highly ambiguous and it becomes difficult to decide what 3D object the image portrays.

In order to determine the most likely interpretation of the 2D image, the knowledge of low-level image features is essential.  We have used multiple simultaneous views of the object from different cameras to accomplish this.  Such a technique is called stereovision.

Introduction
The imaging system of a camera or a human eye is perspective.  That is, the light rays from the object converge at a focal point as seen in Fig. 1.  All points along a line pointing from the optical center of the camera towards the object (called optical axis) are projected to a single image point.  The projection of the three-dimensional object is inherently two-dimensional as perceived by the camera.


In this paper we aim to describe a theory to perform a conversion from this two-dimensional projection back to three-dimension for better understanding of the real world object.  This idea may be applied to various facets of robotic applications varying from daily tasks such as perception and navigation to expert systems like medical image processing, satellite image analysis and so on.











            Fig. 1

Before we present the mathematics behind the conversion, we need to understand clearly, how the camera converts the three-dimensional world coordinates to its two-dimensional scope.

Projection of 3D on 2D

Consider the case of one camera with a thin lens (Fig. 2). The plane on the bottom is an image plane ( on which the object is projected, and the vertical dotted line is the optical axis. The lens is positioned perpendicularly to the optical axis at the focal point C (also called the optical center). 

The focal length f is a parameter of the lens. The projection is performed by an optical ray reflected from a scene point X. The optical ray passes through the optical center C and hits the image plane at the point U. 

Let's define four co-ordinate systems: 

· World Euclidean co-ordinate system (subscript w)

· Camera Euclidean co-ordinate system (subscript c)

· Image Euclidean co-ordinate system (subscript i)

· Image affine co-ordinate system (subscript a)

The co-ordinate axis Zc is aligned with the optical axis and points away from the image plane. We can align the world to camera co-ordinates by performing a Euclidean transformation consisting of a translation t and a rotation R. 

The image affine co-ordinate system has co-ordinate axes u, v, w, and origin Oi coincident with the origin of the image Euclidean co-ordinate system. The axes w, v are aligned with the axes Zi, Xi, but the axis u may have a different orientation to the axis Yi.


Fig. 2

A scene point X is expressed in the world Euclidean co-ordinate system as a 3x1 vector. 

To express the same point in the camera Euclidean co-ordinate system, i.e. Xc, we have to rotate it as specified by the matrix R and translate it by subtracting vector t.


(1)

The point Xc is projected to the image plane ( as point Uc. The x and y co-ordinates of the projected point can be derived by using the property of similar triangles as:
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(2)

The principal point U0 is the intersection of the optical axis with the image plane (. It is expressed in the image affine co-ordinate system as U0a=[u0, v0, 0]T. 

The projected point can be represented in the 2D image plane ( in homogeneous co-ordinates as ~u = [U, V, W]T, and its 2D Euclidean counterpart is u = [u, v]T = [U/W, V/W]T. 

Homogeneous Coordinate Representation

Homogeneous co-ordinates allow us to express the affine transformation as a multiplication by a single 3x3 matrix where unknowns a, b, c describe the shear together with scaling along co-ordinate axes, and u0 and v0 give the affine co-ordinates of the principal point in the image. Points in the projective space are expressed in homogeneous co-ordinates, which we will denote in bold with a tilde.
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(3)

We aim to collect all constants in this matrix called the camera calibration matrix K. Since homogeneous co-ordinates are in use, we multiply by zc to remove this parameter. 
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(4)

If we express the scene point in homogeneous co-ordinates ~Xw = [Xw, 1]T, we can write the perspective projection using a single 3x4 matrix. 

The leftmost 3x3 sub matrix describes a rotation and the rightmost column a translation 

The delimiter | denotes that the matrix is composed of two sub matrices. 
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(5)

where ~X is the 3D scene point in homogeneous co-ordinates. 

The matrix M is called the projective matrix (also camera matrix). 

The 3x3 sub matrix of the projective matrix M consisting of three leftmost columns is regular, i.e. its determinant is non-zero. 

This special matrix corresponds to the normalized camera co-ordinate system, in which the specific parameters of the camera can be ignored. This is useful when the properties of stereo and motion are to be explained in a simple way and independently of the specific camera.

Extrinsic and Intrinsic Parameters 

The extrinsic parameters depend on the orientation of the camera Euclidean co-ordinates with respect to the world Euclidean co-ordinate system (see Fig. 2). This relation is given in equation (4) by matrices R and t. There are six extrinsic camera parameters; three rotations and three translations. The intrinsic parameters describe the specific camera independent on its position and orientation in space.

Stereopsis or Stereovision

Use of one camera and knowledge of the co-ordinates of one image point allows us to determine a ray in space uniquely. If two cameras observe the same scene point X, its 3D co-ordinates can be computed as the intersection of two such rays. 

This is the basic principle of stereovision that typically consists of three steps:

1. Camera calibration, that is determining the intrinsic parameters of the camera

2. Establishing point correspondences between pairs of points from the left and the right images

3. Reconstruction of 3D co-ordinates of the points in the scene. 
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Figure 9.8 Bpipolr geometry in stereapsis.




Fig. 3: Epipolar geometry in stereopsis

The line connecting optical centers C and C' is called the baseline. Any scene point X observed by the two cameras and the two corresponding rays from optical centers C, C' define an epipolar plane. This plane intersects the image planes in the epipolar lines l, l'. When the scene point X moves in space, all epipolar lines pass through epipoles e, e' - the epipoles are the intersections of the baseline with the respective image planes. 

Let u, u' be projections of the scene point X in the left and right images respectively. The ray CX represents all possible projections of the point X to the left image, and is also projected into the epipolar line l' in the right image. The point u' in the right image that corresponds to the projected point u in the left image must thus lie on the epipolar line l' in the right image. 

Canonical Stereopsis

A special arrangement of the stereo camera, called the canonical configuration is often used. The baseline is aligned to the horizontal co-ordinate axis, the optical axes of the cameras are parallel, the epipoles move to infinity, and the epipolar lines in the image planes are parallel. 
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Fig. 4: Canonical stereo configuration

For this configuration, the computation is slightly simpler. It is easier to move along horizontal lines than along general lines. 

The geometric transformation that changes a general camera configuration with nonparallel epipolar lines to the canonical one is called image rectification. There are practical problems with the canonical stereo configuration, which adds unnecessary technical constraints to the vision hardware. 

If high precision of reconstruction is an issue, it is better to use general stereo geometry since rectification induces resampling that causes loss of resolution. 

Conversion from 2D to 3D

We proceed henceforth to determine the depth of the object, that is the third dimension by using canonical stereo configuration. In Fig. 5, we have a bird's eye view of two cameras with parallel optical axes separated by a distance 2h. 

The projection of the image point P (x, y, z) can be seen onto left (Pl) and right (Pr) images. The co-ordinates have the z axis representing distance from the cameras (at which z=0) and the x axis representing horizontal distance (the y co-ordinate, into the page, does not therefore appear). x=0 will be the position midway between the cameras; each image will have a local co-ordinate system (xl on the left, xr on the right) which, for the sake of convenience, we measure from the center of the respective images; that is, a simple translation from the global x co-ordinate. 

Pl will be used simultaneously to represent the position of the projection of P onto the left image, and its xl co-ordinate - its distance from the center of the left image (and similarly for Pr). 

Pl, Cl and Cl, P are the hypotenuses of similar right-angled triangles. h and f are (positive) numbers, z is a positive co-ordinate and x, Pl, Pr are co-ordinates that may be positive or negative, we can then write: 
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(6)

and similarly from the right hand side of Fig. 5.
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(7)

Eliminating x from these equations gives 

[image: image9.png]z (P — P) =2hf (9.26)




[image: image10.png]2hf

(9.27)





(8)

Notice in this equation that Pr - Pl is the detected disparity in the observations of P. 

If Pr-Pl = 0 then z = (. Zero disparity indicates the point is (effectively) at an infinite distance from the viewer. 

Conclusion

It is shown above that the z-coordinate and hence the depth of the image is calculated using the technique of stereovision.  Thus, a three-dimensional picture of the object can be generated using two cameras.  Such a technique, when implemented in robotic science, gives a much more detailed perception of the object and hence improving the quality of vision and intelligence of the robot.
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