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1. Basic Concepts of the Finite Element Method

Introduction

The finite element method (FEM), sometimes referred to as finite element analysis (FEA), is a computational technique used to obtain approximate solutions of boundary value problems in engineering. Simply stated, a boundary value problem is a mathematical problem is which one or more dependent variables must satisfy a differential equation everywhere within a known domain of independent variables and satisfy specific conditions on the boundary of the domain. Boundary value problems are also called field problems. The field id the domain of interest and most often represents a physical structure. The field variables are the dependent variables of interest governed by the differential variables. The boundary conditions are the specified values of the field variables (or related variables such as derivatives) on the boundaries of the field. Depending on the type of physical problem being analyzed, the field variables may include physical displacement, temperature, heat flux, and fluid velocity to name only a few.

HOW DOES A FINITE ELEMENT METHOD WORK?

The general techniques and terminology of finite element analysis will be introduced now. The volume represents the domain of a boundary value problem to be solved. For simplicity, at this point we assume a two dimensional case with a single field variable ф(x,y) to be determined at every point P(x,y) such that a known governing equation (or equations) is satisfied exactly at every such point. Note that this implies an exact mathematical solution is obtained: that is, the solution is a closed-form algebraic expression of the independent variables. In practical problems, the domain may be geometrically complex as is, often; the governing equation and the likelihood of obtaining an exact closed-form solution is very low. Therefore, approximate solutions based on numerical technique for obtaining such approximate solutions with good accuracy.

A small triangular element that encloses a finite –sized sub domain of the area of interest is considered. That this element is not a differential element of size dx X dy makes this a finite element. As we treat this example as a two-dimensional problem, it is assumed that the thickness in the z direction is constant and z dependency is not indicated in the differential equation .The vertices of the triangular element are numbered to indicate that these points are nodes. A node is a specific point in the finite element at which the value of the field variable is to be explicitly calculated. Exterior nodes are located on the boundaries of finite element and may be used to connect an element to adjacent finite elements. Nodes that do not lie on element boundaries are interior nodes and cannot be connected top any other element. The triangular element of figure1.1b has only exterior nodes.

COMPARISON OF FINITE ELEMENT AND EXACT SOLUTIONS
The process of representing a physical domain with finite elements is referred to as meshing and the resulting set elements is known as the finite element mesh. As most of the commonly used element geometries have straight sides ,it is generally impossible o include the entire physical domain in the elemental mesh if the domain includes the curved boundaries. Note that the refined mesh includes significantly more of the physical domain in the finite element representation and the curved boundaries are more closely approximated. (Triangular elements could approximate the boundaries even better.)

If the interpolation functions satisfy certain mathematical requirements, a finite element solution for a particular problem converges to the exact solution of the problem. That is, as the number of elements is increased and the physical dimensions of the elements are decreased, the finite element problem changes incrementally. The incremental changes decrease with the mesh refinement process and approach the exact solution asymptotically. 
2. Computerized Simulation of Meshing and Contact

INTRODUCTION

Computerized simulation of meshing and bearing contact is a significant achievement that could substantially improve the technology and quality of gears. Computer programs known as tooth contact analysis (TCA) programs are directed at the solution of the following basic problem:

The equation of pinion and gear tooth surfaces, the crossing angle, and the shortest distance between the axes of rotation are given. The pinion and gear tooth surfaces are in point contact. It is necessary to determine (i) the transmission errors (ii) the paths of the contact points on the gear tooth surfaces, and (iii) the bearing contact as the set of instantaneous contact ellipses.

In the case of determination of the bearing contact, it is considered that due to the elasticity of the gear tooth surfaces their contact is spread over an elliptic area, and the center of the contact ellipse is the theoretical point of contact. It is also considered that the surface elastic approach is known for instance, from the experimental data, and the problem of bearing contact can be solved as a geometric problem.

The main idea of TCA is based on simulation of tangency of tooth surface that are in mesh. The determination of the instantaneous contact ellipse requires knowledge of the principal direction and curvatures of the tooth surfaces that are in tangency. A substantial simplification for the solution to this problem has been achieved due to the expression of principal curvatures and directions for the generated surface by the principal curvatures and direction of the generating tool.

The main goal of TCA is the analysis of gear meshing and bearing contact. The determination of machine tool settings that provide improved conditions of meshing and contact is the goal of gear synthesis. The computerized search of such setting by the TCA program can require substantial computer time. The difficulty can be avoided by application of the local synthesis method that enables machine tool settings to be determined directly. These machine tool settings provide improved conditions of meshing and contact as the mean contact point and within its neighborhood. Local synthesis and tooth contact analysis  (TCA) are applied simultaneously in the design of spiral bevel gears.

A specific problem occurs in the case of simulation of meshing and contact for gear tooth surfaces that are initially in line contact. Examples are spur gears, helical gears with parallel axes, and worm gear drives. However, the instantaneous line contact of gear tooth surfaces exists only theoretically, for an ideal gear train without misalignment or errors of manufacture. In practice the surface line contact is substituted by point contact due to gear misalignment. The problem is to determine the transition point – the point on the theoretical contact line where the real point contact starts. After determination of the transition point, it becomes possible to determine a point in the neighborhood of transition point that belongs to the path of point contact and then starts the TCA computations.

This paper covers computerized simulation of meshing and bearing contact, the local synthesis method, the application of finite element analysis for design of gear drives, and the analysis of edge contact of gear tooth surfaces.  

PREDESIGN OF A PRABOLIC FUNTION OF TRANSMISSION ERRORS

Application of a pre designed parabolic function of transmission errors enables the absorption of almost–linear discontinuous functions of transmission errors that are caused by misalignment. This is the key for reduction of noise and vibration of gear drives. The idea of the approach is based on the following considerations:

(i) The transmission function for an ideal gear train is linear and is represented as 

Where N1 and   { i=1,2} are the number of teeth and the rotation angle, respectively, for the pinion  { i=1} and the gear {I=2}.

(ii) Due to misalignment  (change of crossing angle, change of shortest centre distance in the case of noninvolute gears; axial displacement of spiral bevel gears, hypoid gears, worm-gears and so on) the transmission function becomes a piecewise almost linear one with a period of cycle of meshing of a pair of teeth. This type of function of transmission errors is confirmed by simulation of meshing.

APPLICATION OF FINITE ELEMENT ANALYSIS FOR DESIGN OF GEAR DRIVES

Application of finite element analysis allows us to perform (i) stress analysis, (ii) investigation of formation of bearing contact, and (iii) detection of severe areas of contact stresses inside cycle of meshing.

Such an approach requires (i) development of the finite element mesh of the gear drive, (ii) definition of contacting surfaces, (iii) establishment of boundary conditions for loading the gear drive.

The main feature of the developed approach is as follows:

(a) The finite element mesh is generated automatically by using the equation of the tooth surfaces and the rim. Nodes of finite element mesh are obtained as points of gear tooth surfaces. Therefore the loss of accuracy associated with development of solid models using CAD (computer aided design) computer programs is avoided.  The boundary conditions for stress analysis of the pinion and the gear are set up automatically as well.

(b) Modules for automatic generation of finite element models are integrated into the developed computer programs. Therefore, the generation of finite element models can be accomplished easily and fast for any position of contact of the cycle of meshing. In addition, the formation of bearing contact can be investigated and the appearance of the edge contact and areas of severe contact can be detected.

Applications of CAD computers programs for the development of finite element models is an intermediate stage of the existing approach for application of finite element analysis and has the following disadvantages:

1) Determination of wire models formed by splines is obtained numerically. The wire models consist of planar sections of gear teeth and such sections are used for the development of solid models.

2) Finite element meshes of solid models require application of computer programs for finite element analysis.

3) Setting of boundary conditions for the finite element meshes have to be determined.

4) The increase of planar sections of gear teeth improves the precision of wire models and solid models but is costly in terms of time.

5) The developments described above have to be performed by skilled users of CAD compute programs, are costly in terms of time, and have to be accomplished for each assigned case of design of various gear geometries, for each position of meshing, and for various cases of investigation.

3. SPUR INVOLUTE GEARS

The involute gearing, has found widespread application in the industry due to its many advantages: 1) the tools for generation of involute gears can be produced with high precision, (ii) it is easy to vary the tooth thickness and provide a nonstandard center distance just by changing tool settings for gear generation, (iii) nonstandard involute gears can be generated by using standardized tools applied for standard gears, and (iv) the change of gear center distance does not cause transmission errors.

However, this gearing is limited to application to helical gears and has not replaced the involute gearing.

Spur involute gears are in line contact at every instant, and therefore they are sensitive to the misalignment of the gear axes. For this reason, it is necessary to localize their bearing contact, and this can be achieved by crowning the surface of one of the mating gears. It is preferable to crown the pinion tooth surface rather than gear tooth surface because the number of pinion teeth is smaller than the number of gear teeth. The tooth profile of the spur gears is generated as an involute curve. The meshing of a crowned pinion tooth surface and a conventional involute gear tooth surface should be a subject of study directed at minimization of transmission errors and favorable location of the bearing contact.

Henceforth we consider conventional, extended and shortened involute curves. We start with general definitions of evolutes and the involute of a planar curve.

4. Involute and evolute

Consider that a planar curve I is given. Segments Mi Ni ( i=1,2…n) represents the curvature radii of curve I at points M, where M, is the curvature center. The locus of curvature centers N, is the evolute E to the curve I. The main features of E, evolute to the curve I, are as follows:

(i) The normal MN at point M of curve I is the tangent to the evolute E.

(ii)The evolute to a regular curve I is the envelope to the family of normal MN to I.

Considering E as given, we may determine the involute I for E as the result of development of E. Let us imagine an inextensible thread MN that is wrapped on curve E. Point M of the thread will trace out the involute I while the thread is wound on and off.

5. INTERNAL INVOUTE GEARS

 A gear drive composed of internal and external gears is considered. Application of such a train enables us to reduce the loss of power caused by sliding of tooth profiles. This effect is the result of the reduction of the relative angular velocities. However, a high reduction requires a small difference ΔN of the numbers teeth on pinion and the internal gear. The possible interference of tooth profiles by the gear assembly, and the undercutting of the internal gear in the process of generation, should be investigated before designation of the desired value of ΔN. Another advantage of application of an internal gear is the possibility of reducing the dimensions of the train. Trains with internal gears are applied in planetary transmissions, in transmissions of cranes, in excavators and so on.

The solutions to the problems discussed in this chapter cover the following:

(i) The kinematics of the process for generation of the gear fillet as a pseudohypocycloid, ordinary extended hypocycloid, and an envelope to the family of ordinary extended hypocycloids.

(ii) Investigation of interference by radial assembly of the gear and opinion that is based on a tooth contact analysis (TCA) program for simulation of meshing.

The term pseudohypocycloid means that the generation of the gear fillet is performed with the following conditions:(a) the center distance E between the axes of rotation of the shaper and the internal gear is not constant; and (b) E and the angle of rotation of the gear, ф2, are related by function Ec(ф2) that simulates the radial feed motion of the shaper in the process of generation. The research mentioned above was performed for pressure angles of 20,25 and 30°.

6. CYCLOIDAL GEARING

INTRODUCTION

The predecessor of involute gearing is the cycloidal gearing that has been broadly used in watch mechanisms. Involute gearing has replaced cycloidal gearing in many areas but not in watch industry. There are several examples of the application of the cycloidal gearing not only in instruments but also in machines that show the strength of position that are still kept by cycloidal gearing.

GENERATION OF CYCLOIDAL CURVES

A cycloidal curve is generated as the trajectory of a point rigidly connected to the circle that rolls over another circle (over a straight line in a particular case). Henceforth, we differentiate ordinary, extended and shortened cycloidal curves.

Consider the generation of an extended epicycloid as the trajectory of point M that is rigidly connected to the rolling circle of radius r. In the case when the generating point M is a point of the rolling circle, it will generate ordinary epicycloids, but when M is inside of circle r it will generate a shortened epicycloids.

Point P of tangency of circles r and r1 is the instantaneous center of rotation. The velocity v of the point M is determined as                                



                                                                                                                                                         

v= ω * PM

Vector v is directed along the tangent to the cycloidal curve Σ being generated, and PM is directed along the normal to Σ at point M.
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